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ABSTRACT
A flexible polymer chain in the presence of inert macromolecular crowders will experience a loss of configurational entropy due to the
crowder excluded volume. This entropy reduction will be most pronounced in good solvent conditions where the chain assumes an expanded
coil conformation. For polymers that undergo a folding transition from a coil to a compact ordered state, as is the case for many globular
proteins, macromolecular crowding is expected to stabilize the folded state and thereby shift the transition location. Here, we study such
entropic stabilization effects for a tangent square-well sphere chain (monomer diameter σ) in the presence of hard-sphere (HS) crowders
(diameter D ≥ σ). We use the Wang–Landau simulation algorithm to construct the density of states for this chain in a crowded environment
and are thus able to directly compute the reduction in configurational entropy due to crowding. We study both a chain that undergoes all-or-
none folding directly from the coil state and a chain that folds via a collapsed-globule intermediate state. In each case, we find an increase in
entropic stabilization for the compact states with an increase in crowder density and, for fixed crowder density, with a decrease in crowder
size (concentrated, small crowders have the largest effect). The crowder significantly reduces the average size for the unfolded states while
having a minimal effect on the size of the folded states. In the athermal limit, our results directly provide the confinement free energy due to
crowding for a HS chain in a HS solvent.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0025640., s

I. INTRODUCTION

The presence of inert macromolecular crowders in a dilute
polymer solution will limit the configuration space available to the
polymer chains and, thus, reduce their conformational entropy.
For a polymer in good solvent conditions, one anticipates that this
crowding effect will tend to compress or reduce the average size
of the expanded chain. For a polymer that can undergo a con-
formational transition from an expanded to a compact state, this
entropy reduction due to crowding will be more pronounced for
the expanded state, resulting in a shift of the transition location
in favor of the compact state. Thus, we expect an entropic sta-
bilization of a compact state, relative to an expanded state, due
to crowding. These crowding effects are analogous to the effects
of hard-wall nano-confinement in a pore or enclosure.1–3 Both
crowding and confinement have long been of interest in relation to

bio-macromolecules4–6 (in large part due to the very high concen-
tration of macromolecules, up to 40% volume fraction, found in the
cytoplasm of a typical cell7,8). In particular, the observed increase in
the stability of a folded protein in a crowded solvent environment9–14
and confined in a nano-pore14–17 has been taken as clear evidence for
the above entropic stabilization ideas.

As these crowding and confinement effects have been stud-
ied over the past several decades, it has become clear that simple
entropic stabilization is not the entire story.18–21 In the case of the
effects of macromolecular crowding on protein stability, the mea-
sured results are often much smaller than what might be antici-
pated from simple modeling,22 and in some cases, a destabilization
effect has been found.14,23–25 Such observations can be understood
by realizing that in many systems, the crowders are not simply inert
objects taking up space, but rather there are also important protein–
crowder enthalpic interactions that must be considered.26–29 These
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enthalpic interactions, which are system specific, may compensate
for or completelymask themore universal entropic crowding effects.
The clear recognition that both the entropic and enthalpic effects are
important and that crowding may actually have deleterious effects
on protein stability has led to a call to reconsider the “dogma”
regarding macromolecular crowding.19,28,30 For completeness, we
note an alternate view, suggesting that the entropy reduction pic-
ture of macromolecular crowding may be flawed. This suggestion is
based on the finding that smaller crowders have a larger effect, and
thus, the crowding effects of water itself should completely over-
whelm any effects of large macromolecule solutes in an aqueous
solution.31,32 However, as noted by Hall and Minton,18 one expects
that the enthalpic interactions between water and a macromolecular
solute will be large, and thus, simple hard-particle modeling of the
solvent is not appropriate.

Molecular modeling and computer simulation provide impor-
tant tools in defining and differentiating the entropic and enthalpic
contributions to the overall effects of macromolecular crowding. A
large number of simulation studies, involving systems ranging from
simple coarse-grained homopolymer models to all-atom representa-
tions of small proteins, have addressed crowding effects.33–39 These
studies all concur on the basic entropic stabilization effect originally
predicted by Minton.4 However, direct measurement of the entropy
reduction, which is at the heart of these crowding effects, has not
been the focus of previous investigations. In this work, wemake such
a direct measurement of the entropy reduction experienced by a flex-
ible chain molecule due to a crowded environment, and we analyze
the resultant effects on the chain-folding transition. Although moti-
vated by the protein folding literature, our primary interest here is
to understand the basic polymer and liquid-state physics of a flexible
chain molecule in a crowded environment. We use a pearl-necklace-
type model that provides a coarse-grained representation of a poly-
mer where each bead in the chain represents several chemical repeat
units such that the chain is completely flexible at the bead-level.40,41
While simple, this model retains sufficient details to elucidate the
basic physics of how crowding affects a compact–expanded state
conformational transition of a flexible polymer chain.42 We model
the macromolecular crowders as hard spheres of size equal to or
larger than the bead size of the polymer chain, treating the solvent as
a background continuum (and, thus, our inter- and intra-molecular
interactions are to be interpreted as effective interactions mediated
by the solvent). This implicit solvent approach is consistent with our
coarse-grained polymer model, which lacks spatial resolution at the
level of a small molecule solvent.18

We study the polymer–crowder system using the Wang–
Landau (WL) simulation method,43,44 which provides direct access
to the complete thermodynamics, including the configurational
entropy, of the polymer chain. We note that the present study fol-
lows our recent work on entropic stabilization due to geometric
confinement2,3 and our recent density-expansion analysis of crowd-
ing effects for very short chain molecules.45 The latter work provides
some validation of our Wang–Landau simulation approach for the
chain–crowder system.

II. MODEL AND METHODS
Here, we study a flexible N-mer chain comprised of square-

well (SW) sphere interaction sites connected by universal joints of

fixed bond length L. The chain is in an environment of inert crow-
ders, which are represented by Ncrwd hard spheres of diameter D,
occupying volume fraction η = (Ncrwd/V)(πD3)/6, where V is the
system volume. We label the chain sites [1, N] and the crowder sites
[N + 1, N + Ncrwd], with site i being located by the vector �ri. Chain
sites i and j (with |i − j| > 1) interact via a SW potential, given by

uSW(r) =
�������������

∞, r < σ
−�, σ < r < λσ
0, r > λσ,

(1)

where r = ��ri −�rj�, σ and λσ are the hard-core and square-well diam-
eters, respectively, and � is the SW depth, which we use to define the
reduced temperature T∗ = kBT/�, where kB is the Boltzmann con-
stant. The crowder–crowder and chain–crowder interaction is given
by the hard-sphere (HS) potential

uHS(r) =
�������
∞, r < (di + dj)�2
0, r > (di + dj)�2, (2)

where di and dj are the hard-core diameters of the interacting sites.
This model has a discrete potential energy spectrum with energy
states En = −n� with 0 ≤ n ≤ nmax, where n is the number of SW
overlaps in a chain configuration, and the ground-state energy of
the chain is Egs = −nmax�, where nmax depends on N and λ. Note that
the HS crowders do not contribute to the potential energy of the
system.

We use the Wang–Landau (WL) simulation algorithm43,44 to
sample over the full configuration space of this chain-in-crowder
system and construct the single-chain density of states function g(E)
(which will depend on the crowder conditions η and D). In the sim-
ulation, we construct a Markov chain of system configurations via
Monte Carlo (MC) move attempts over the chain and crowder sites.
The WL acceptance probability for a move attempt on a chain site is
given by

Paccept(a→ b) = min�1, wa→bg(Ea)
wb→ag(Eb)�, (3)

where g(E) is the current estimate of the density of states and the w
are weight factors required for chain rebridging MCmoves,46 which
are set to unity for all other MC move types. A move attempt that
results in a hard-core overlap (with either a chain or crowder site) is
immediately rejected, leaving the system in the energy state Ea. After
each chain-site move attempt, the current estimate of g(E) for the
resulting energy state is updated using a modification factor f m > 1
via g(E) → f mg(E), and a visitation histogram H(E) is incremented
for the current state via H(E) → H(E) + 1. The histogram H(E) is
periodically checked for “flatness” (or uniform growth) across the
preset energy range Emin ≤ E ≤ Emax. When flatness is achieved, the
current level of the iterative simulation is terminated, the visitation
histogram is reset to zero, and the next level of the iteration is begun
using the newmodification factor fm+1 =�fm. Our standard simula-
tion protocol starts with g(E) = 1 ∀ E, f 0 = e1 and uses 30 levels and
a flatness requirement of 20%.47,48 Since the HS crowder does not
contribute to the potential energy of the system, there is no updat-
ing of g(E) or H(E) for move attempts on the crowder particles.
The acceptance probability for the crowder move attempts is simply
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PHS
accept(a→ b) = 0 if the attempt results in a hard-core overlap (with

either a crowder or chain site) and is 1 otherwise. Since we are trying
to explore the complete configuration space of the chain, we carry
out move attempts on a given chain site 10–20 timesmore often than
on a crowder particle. TheMCmoves for the crowders are single-site
displacements and are done in sets of Ncrwd attempts with the par-
ticles being chosen at random. The MC move set for the chain sites
consists of single-bead axial rotation, reptation, pivot, end-bridging,
and internal double bridging carried out with an average relative
frequency of {N, 2, 1, N, 2}, respectively.

The simulation is carried out in a cubic or nearly cubic box
(volume V = LxLyLz set by η and Ncrwd) with periodic boundary
conditions. We initially grow a self-avoiding chain in the center of
the box and then insertNcrwd hard-sphere crowders on an expanded
FCC lattice, avoiding overlap with the chain. The crowders are equi-
librated for 104 MC cycles (with the chain fixed in its initial con-
figuration), and the maximum crowder displacement is adjusted to
achieve an acceptance fraction of ∼50%. Once equilibrated, the WL
simulation is started. Through the simulation, we monitor the maxi-
mum x, y, and z components of the chain extension to verify that the
chain never exceeds the box length. Although the total particle vol-
ume fraction of the box is slightly larger than η (due to the chain), we
use a sufficiently large number of crowders such that the fractional
difference between the total volume fraction and η is <2% for D = σ
and <1% for D > σ. For error estimation, we carry out four or more
independent simulations for every case studied. As noted above, our
recent density-expansion analysis of the chain-in-crowder system
provides some validation of our simulation methods.45 These WL
simulations can be computationally demanding, and in our expe-
rience, successful convergence requires (i) a sufficiently rich move
set and (ii) the use of the auxiliary uniform-growth flatness crite-
rion, which allows the simulation to recover from the occasional
generation of a highly asymmetric H(E) histogram.

The result of the WL simulation is the single-chain density of
states g(E) [we actually construct ln g(E)] relative to a reference state
Eref, which we take as the state with the largest g(E). In our data anal-
ysis, we redefine Eref to be Egs and make the assumption that for the
models studied here, g(Egs) is independent of the crowder conditions
η and D. The density of states immediately gives the microcanonical
entropy

S(E) = kB ln g(E) (4)

from which we define the microcanonical temperature

1�T(E) = @S�@E. (5)

In a microcanonical thermodynamic analysis, one studies the
curvature properties of S(E), via the second derivative function
γ(E) = @2S/@E2, to locate and classify configurational transitions.49,50
Maxima in γ(E) locate transitions with the sign of γmax, distin-
guishing first-order-like (positive sign) from higher-order (nega-
tive sign) transition behavior.50 In the more conventional canon-
ical thermodynamic analysis, one defines the canonical partition
function,

Z(T) =�
E
g(E)e−E�kBT , (6)

and the energy probability function,

P(E,T) = g(E)e−E�kBT
Z(T) , (7)

in order to construct thermal averages such as the average energy,

�E(T)� =�
E
EP(E,T), (8)

energy fluctuations,

σ2E(T) = �E2� − �E�2, (9)

and heat capacity,

C(T) = d�E(T)�
dT

= σ2E
kBT2 . (10)

Conformational phase transitions are typically identified with peaks
(or shoulders) in the heat capacity and can be classified as first-
order-like (discontinuous) or second-order-like (continuous) based
on a bimodal or unimodal P(E, T) distribution at the transition tem-
perature.50,51 Although our simulation results give S(E) only up to
the additive constant kB ln g(Eref) and Z(T) up to the multiplica-
tive constant g(Eref), the microcanonical temperature T(E) and the
canonical probability function P(E, T) along with the above thermal
averages are given exactly (within the simulation uncertainty). In
addition to the above thermodynamic quantities, we can also define
the canonical entropy [up to the additive constant kB ln g(Eref)] as

S(T) = �E��T + kB ln[Z(T)]. (11)

In the athermal (T →∞) limit, the SW chain reduces to a HS chain,
and thus, we can use our SW results (for any λ) to define the partition
function and entropy of a HS chain as follows:

ZHS =�
E
g(E) (12)

and
SHS = kB ln[ZHS], (13)

where ZHS is defined up to the multiplicative constant g(Eref).
Structural information about the chain is obtained by carrying

out subsequent production simulations using theWL g(E) result and
Eq. (1) acceptance criterion but without any updating of the density
of states. In particular, we compute the average mean-square site–
site distances �r2ij�E for each energy state E and construct the average
mean-square radius of gyration both as a function of energy state
and temperature as follows:

�R2
g�E = 1

N2 �
i<j �r

2
ij�E (14)

and
�R2

g(T)� =�
E
�R2

g�E P(E,T). (15)

In the absence of crowders, the tangent SW-sphere chainmodel
exhibits, in the large N limit, a direct all-or-none folding transition
for λ < 1.18, while for larger λ, a coil–globule transition precedes
the folding transition.52 For shorter chains, the crossover to direct
folding occurs at smaller λ. For example, for N = 128 and 64, this
crossover takes place at λ ≈ 1.06 and 1.04, respectively.47,48
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III. RESULTS
In this work, we focus on a SW chain with N = 20 and L = σ

for the two different interaction ranges λ = 1.01 and 1.05. As shown
below, the shorter λ = 1.01 range provides a model that undergoes
a first-order-like all-or-none transition directly from the coil state,
while the longer λ = 1.05 range provides a model in which fold-
ing occurs from a globule state and is preceded by a coil–globule
transition. For both of these models, the folded state is a com-
pact crystallite, approximating a sphere with an average diameter
of 3.4σ.

A. All-or-none folding
The N = 20 SW-chain model with λ = 1.01 has a ground-state

energy of Egs = −45�, and average chain size measurements indicate
that the ground state is unperturbed by the presence of HS crow-
ders. Our results for WL simulations of this model chain are shown
in Figs. 1(a) and 1(c) in terms of the microcanonical entropy S(E)/kB
= ln g(E) [measured relative to S(Egs)] for D = σ as a function of
crowder density η (0 ≤ η ≤ 0.4) and for η = 0.4 as a function of crow-
der size D (σ ≤ D ≤ 4σ). An entropy reduction effect due to the HS
crowder is immediately evident in these plots. As expected, the effect
is more pronounced in the coil (high energy) states and increases in
magnitude with an increase in crowder density (for fixed crowder
size) and with a decrease in crowder size (for fixed crowder den-
sity). We obtain qualitatively similar results for other fixed D values

FIG. 1. [(a) and (c)] Single-chain microcanonical entropy S(E)/kB vs energy E and
[(b) and (d)] single-chain canonical entropy S(T)/kB vs reduced temperature T∗
[all relative to the ground state value S(Egs)] for an N = 20, λ = 1.01 SW chain in
a fluid of HS crowders with diameter D and volume fraction η. The [(a) and (b)]
results are with fixed D = σ for a range of η, while the [(c) and (d)] results are with
fixed η = 0.4 for a range of D.

with varying η and other fixed η values with varying D. In addition,
in the large D limit, the results become identical to the no crow-
der case. The S(E) curves in Figs. 1(a) and 1(c) all display a subtle
change in curvature near E = −30�. This so-called convex intruder
feature is the microcanonical signature of a first-order-like transi-
tion,50 and a double tangent construction across the intruder gives
a line whose slope defines the microcanonical transition tempera-
ture via Eq. (5). With an increase in crowder density [Fig. 1(a)] or
decrease in crowder size [Fig. 1(c)], we see that the slope of such
a connecting line decreases, indicating an increase in the transition
temperature.

The above noted shift in transition temperature and entropy
reduction effect are more apparent in Figs. 1(b) and 1(d) where we
show the single-chain canonical entropy S(T)/kB [measured rela-
tive to S(Egs)] vs reduced temperature T∗ for the same conditions,
as in Figs. 1(a) and 1(c), respectively. The canonical entropy is
nearly constant at high temperatures where the entropy reduction
due to the HS crowder is clearly seen. For the case of D = σ and
η = 0.4, the magnitude of this reduction for the coil state is ∼40kB
or ∼20% relative to the no crowder case. The chain-folding transi-
tion is signaled by the sudden drop in S(T), and the shift to a higher
transition temperature with an increase in η or decrease in D is
evident. At temperatures below the folding transition, the entropy
curves merge, becoming essentially independent of the crowder
conditions.

The results shown in Fig. 1 can be used to define a micro-
canonical or a canonical version of the folding transition tempera-
ture. In the microcanonical version, we locate the maximum of the
γ(E) = @2S(E)/@E2 function and map the E value to a temperature
via the T(E) relation in Eq. (5).50 Since theN = 20, λ = 1.01 chain has
only a modest number of energy states, the temperature resolution
using this approach is limited. Thus, in this work, we will identify
transition temperatures using the single-chain specific heat C(T)/N
[which is related to the canonical entropy via C(T) = TdS/dT]. In
Fig. 2, we show the specific heat for theN = 20, λ = 1.01 SW chain for
the same crowder conditions, as in Fig. 1. In all cases, we find a single
strong specific heat peak, which broadens and shifts to a higher tem-
perature with an increase in η or decrease in D. The insets in Fig. 2
show the potential energy probability function P(E, Tf ) [Eq. (7)]
evaluated at the folding transition temperature for each case. These
probability functions are bimodal, indicating a first-order-like tran-
sition [as anticipated from the convex intruder identified in the S(E)
curves], which have approximately equal area under each peak. The
ensemble of folded states at the transition is essentially unaffected
by the crowder, while the coexisting ensemble of coil states displays
a slight shift to lower energy with an increase in η or decrease in
D. Thus, while the crowder clearly shifts the location of the folding
transition, it only has a very minor effect on the all-or-none nature
of this transition.

In Fig. 3, we show the average chain size, given by �R2
g�, vs

reduced temperature T∗ for the same conditions, as in Figs. 1 and
2. Chain size decreases with a decrease in temperature and drops
sharply to a minimum value at the folding transition. In the neigh-
borhood of the folding transition, �R2

g� is an average over the coex-
isting unfolded and folded populations shown in insets of Fig. 2.
The size of the folded chain (�R2

g� = 1.4σ2, which is comparable
to the D = 3.4σ crowder) is essentially independent of the crow-
der conditions, supporting our assumption that the crowder does
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FIG. 2. Single-chain specific heat C(T)/NkB vs reduced temperature T∗ for an
N = 20, λ = 1.01 SW chain in a fluid of HS crowders with diameter D and volume
fraction η. Results are for (a) fixed D = σ for a range of η and (b) fixed η = 0.4 for
a range of D. Insets: Energy probability P(E, T) at the transition temperature Tf
[given by the C(T) peak location] for the cases shown in the main plots.

not substantially affect this compact state. At high temperatures,
the curves in Fig. 3 approach asymptotic values associated with the
athermal chain–crowder system, as discussed in Sec. III C. A notable
feature of Fig. 3 is the crowder-induced compression of the unfolded
chains. This compression effect increases with an increase in

FIG. 3. Mean-square radius of gyration �R2
g��σ2 vs reduced temperature T∗ for

an N = 20, λ = 1.01 SW chain in a fluid of HS crowders with diameter D and volume
fraction η. Results are for (a) fixed D = σ for a range of η and (b) fixed η = 0.4 for
a range of D. The folding transition, determined from C(T), is located by the filled
symbols.

crowder density η [Fig. 3(a)] and with a decrease in crowder size D
[Fig. 3(b)].

A summary of our results for the all-or-none folding of a flex-
ible polymer in the presence of an inert crowder is shown in Fig. 4
in the form of configurational phase diagrams. In Fig. 4(a), we show
the folding transition temperature as a function of crowder density
η for the fixed crowder size of D = σ, while in Fig. 4(b), we show
results as a function of crowder size D at a fixed crowder density
of η = 0.4. The presence of the HS crowders shifts the transition to
a higher temperature, compared to the no crowder case, indicating
an entropic stabilization of the folded state. To get a better sense of
the magnitude of this stabilization effect, we have included a physi-
cal temperature scale on these phase diagrams obtained by defining
the folding temperature for the no crowder case, T∗f = 0.2321(4)
to be at T = 30 ○C (which sets the model interaction energy to
� = 2.59 kcal/mol). This reference temperature allows us to
map between the model and physical temperatures via T(K)
= (T∗/0.2321)303 K. In terms of physical temperature, the crowding
effects are not insubstantial, with a maximum shift of �Tf ≈ 48 ○C
in the case of D = σ and η = 0.4. For the situation in which the
size of the crowder matches the size of the folded chain (D = 3.4σ),
the temperature shifts for crowder densities of η = 0.2 and 0.4 are
�Tf ≈ 2 ○C and ≈5 ○C, respectively.

FIG. 4. Configurational phase diagrams for an N = 20, λ = 1.01 SW chain in a fluid
of HS crowders with diameter D and volume fraction η: (a) results as a function
of η with fixed D = σ and (b) as a function of D with fixed η = 0.4. The sym-
bols locate the folding transition temperature, while the solid line is a guide for
the eye. The physical temperature scale shown on the right is based on defining
the no crowder transition temperature to be T = 30 ○C. The configurational snap-
shots (with chain = blue, solvent = red) in (a) and (b) are for η = 0.2 and D = 4σ,
respectively.
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B. Folding via a globule state
We now analyze the effects of crowding on the conformational

phase behavior for the N = 20 SW chain with λ = 1.05. As we detail
below, this version of the SW-chain model displays both a coil–
globule and a folding transition. The ground-state energy for this
model is Egs = −46�, and as for the λ = 1.01 case, average chain size
measurements indicate that the ground state is unperturbed by the
presence of HS crowders. In Figs. 5(a) and 5(c), we show the density
of states obtained from WL simulations, in the form of the single-
chain microcanonical entropy S(E) = kB ln g(E), as a function of HS
crowder density (for fixed crowder size D = σ) and as a function
of crowder size (for fixed density η), respectively. As in Fig. 1, this
system displays a clear entropy reduction for the high energy (coil)
states that increases with either an increase in crowder density or
decrease in crowder size. These S(E) curves display a subtle convex
intruder in the vicinity of E = −40�, indicating the presence of a first-
order-like transition.50 This transition is more apparent in the plots
of the single-chain canonical entropy S(T) vs temperature, shown in
Figs. 5(b) and 5(d). The steep drop in entropy near T∗ = 0.3 can be
associated with the chain-folding transition, which is seen to move
to a higher temperature with an increase in crowder η or decrease
in crowder D. At high temperatures, the strong entropy reduction
effect due to the crowder is clear. Comparing Figs. 1 and 5, we find
that the overall entropy range covered by the λ = 1.05 chains is ∼50kB
less than for the case of λ = 1.01. Noting that in the high temperature
limit these two models are equivalent, we can conclude that this dif-
ference is primarily due to the higher entropy of the λ = 1.05 ground

FIG. 5. [(a) and (c)] Single-chain microcanonical entropy S(E)/kB vs energy E and
[(b) and (d)] single-chain canonical entropy S(T)/kB vs reduced temperature T∗
[all relative to the ground-state value S(Egs)] for an N = 20, λ = 1.05 SW chain in
a fluid of HS crowders with diameter D and volume fraction η. The [(a) and (b)]
results are with fixed D = σ for a range of η, while the [(c) and (d)] results are with
fixed η = 0.4 for a range of D.

state with the difference in the ground-state entropies Sgs(λ) (used
as the reference states in Figs. 1 and 5) being Sgs(1.05) − Sgs(1.01)
= 51.6(3)kB.

While the entropy plots in Fig. 5 do not immediately indicate
that the folding of the N = 20, λ = 1.05 SW chain proceeds via an
intermediate globule state, the single-chain specific heat plots shown
in Fig. 6 for the D = σ crowder provide evidence for two distinct
conformational transitions in this system. These specific heat curves
display a low temperature peak with a shoulder and tail on the high
temperature side. (In the no crowder case, the shoulder actually
exhibits a weak peak.) With an increase in crowder density, the peak
moves to a higher temperature and diminishes in magnitude, while
the shoulder becomes more spread out. We can identify the low
temperature peak with chain folding, while the shoulder feature is
a signature for a coil–globule transition,47 and we take the inflection
point in this shoulder to locate Tcg. We indicate these coil–globule
transition locations with the filled symbols in Fig. 6, noting that for
the case of D = σ and η = 0.4, there is no inflection point. Where
we can identify a Tcg, we find that it increases with an increase in
crowder η or decrease in crowder D similar to the behavior of Tf .
We further characterize these two transitions through the poten-
tial energy probability function P(E, T) evaluated at the associated
transition temperature, as shown in insets of Fig. 6. The folding tran-
sition exhibits a weakly bimodal probability distribution, indicating
first-order-like behavior, while the higher temperature coil–globule
transition displays a unimodal probability distribution, indicating a
continuous or second-order-like transition. These probability dis-
tributions are only modestly affected by the presence of a crowder.
Results for the case of a fixed crowder density η = 0.4 with varying
D for both C(T) and P(E, T) are very similar to the plots shown in
Fig. 6 with the D/σ = 4.0, 2.0, and 1.5 behavior following the η = 0.1,
0.2, and 0.3 behavior [similar to what is seen in Figs. 2(a) and 2(b)
for the λ = 1.01 case].

Since the thermodynamic analysis presented in Fig. 6 does not
provide a sharp signature for the coil–globule transition, we turn
to the variation of chain size with temperature to better locate this

FIG. 6. Single-chain specific heat C(T)/NkB vs reduced temperature T∗ for an
N = 20, λ = 1.05 SW chain in a fluid of HS crowders with D = σ for a range of η,
as indicated. The C(T) peaks locate the folding transition Tf , while the shoulders,
marked by the filled symbols, locate the coil–globule transition Tcg. Inset: Energy
probability distribution P(E, T) at the two transitions as indicated for the cases
shown in the main plot.
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transition.50 In Figs. 7(a) and 7(b), we show the mean-square radius
of gyration �R2

g� and the derivative d�R2
g��dT, respectively, for the

λ = 1.05 system withD = σ crowder. The reduction in chain size with
a decrease in temperature is characterized by two peaks in d�R2

g��dT
where the more prominent high temperature peak can be associated
with the coil–globule transition and the smaller low temperature
peak with the globule–crystallite folding transition. While the fold-
ing transition temperature Tf obtained here is in fair agreement (just
outside our error estimate) with that obtained from C(T), the coil–
globule transition temperature Tcg is noticeably shifted (see Table I).
This difference in Tcg estimates can be attributed to the small system
size (N = 20) studied here for which different definitions of a “phase
transition” location can lead to different results.50,51,53

A third method for determining Tcg is to examine the poten-
tial energy fluctuations σ2E = T2C(T) as opposed to the specific
heat C(T).54 In such energy fluctuation plots, the shoulders seen in
C(T) plots of Fig. 6 are resolved into distinct peaks, allowing a direct
determination of Tcg. Results from this approach, given in Table I,
fall between the C(T) and �R2

g� estimates. This energy fluctuation
method is closely related to the microcanonical γ(E) analysis, and
we also include in Table I the results obtained from the γ(E)-maxima
associated with the coil–globule transition (for which γmax < 0).

In analogy with the results of Fig. 3, for the λ = 1.01 system,
Fig. 7(a) demonstrates a strong crowder-induced chain compression

FIG. 7. (a) Mean-square radius of gyration �R2
g� and (b) its derivative d�R2

g��dT∗
vs reduced temperature T∗ for an N = 20, λ = 1.05 SW chain in a fluid of HS
crowders with D = σ for a range of η as indicated. The peak locations in (b) provide
estimates of the folding and coil–globule transition temperatures Tf and Tcg, which
are located by the filled symbols in (a). Inset: Energy probability distribution P(E,
T) at Tf and Tcg with Tcg determined from the main plot.

TABLE I. Transition temperatures for an N = 20, λ = 1.05 SW chain in a fluid of HS
crowders with diameter D and volume fraction η as determined from the specific heat,
radius of gyration, energy fluctuations, and γ(E). For entries where η is specified,
D = σ, while where D is specified, η = 0.4.

T∗f T∗cg
C(T) C(T) �R2

g� σ2E γ(E)

η = 0.0 0.296(1) 0.352(2) 0.402(1) 0.378(2) 0.387(7)
0.1 0.301(1) 0.361(1) 0.428(1) 0.394(2) 0.406(5)
0.2 0.308(1) 0.378(1) 0.472(1) 0.420(2) 0.429(16)
0.3 0.324(1) 0.411(2) 0.546(1) 0.466(2) 0.474(26)
0.4 0.351(2) . . . 0.680(3) 0.576(2) 0.607(21)
D/σ = 1.5 0.319(1) 0.403(1) 0.539(2) 0.446(2) 0.459(22)
2.0 0.310(1) 0.381(1) 0.480(1) 0.416(2) 0.426(17)
3.4 0.301(1) 0.362(1) 0.431(1) 0.393(2) 0.410(9)
4.0 0.299(1) 0.358(1) 0.424(1) 0.389(2) 0.398(9)

in the coil phase for the λ = 1.05 system with an increase in crow-
der density. A similar compression effect is found with a decrease
in crowder size at fixed crowder density. Despite this strong chain
compression effect for the coil state, the average chain size at the
coil–globule transition and at the folding transition, indicated by the
symbols in Fig. 7(a), are little affected by the presence of a crowder.
The energy probability distributions P(E, T) for Tf and Tcg (using
the �R2

g� estimate for Tcg) are shown in the inset of Fig. 7(b). At the
coil–globule transition, there is now a clear (though small) system-
atic shift and narrowing of the probability peak to higher energy with
an increase in crowder density.

Using results from the analyses presented in Figs. 6 and 7,
we can map out the configurational phase behavior of the N = 20,
λ = 1.05 SW chain in the HS crowder system. In Fig. 8(a), we show
the resulting phase diagram for HS crowders of fixed size D = σ as a
function of crowder volume fraction η, while in Fig. 8(b), we show
results for fixed crowder density of η = 0.4 as a function of crow-
der size D. In each of these diagrams, we include the three different
estimates for the coil–globule transition temperature (which span a
range much larger than the error bars for each estimate). Despite
the large spread in our estimate of Tcg, all three approaches yield
the same description of a second-order-like transition that is shifted
to a higher temperature with either an increase in crowder density
or, for fixed crowder density, with a decrease in crowder size. We
see the same crowder effects for the first-order-like globule-folded
transition. Thus, for all the cases studied here, the effects of the
inert crowder is to stabilize the more compact state at a conforma-
tional phase transition. The final folding transition for the no crow-
der case takes place at the reduced temperature of T∗f = 0.296(1),
and following our construction for the λ = 1.01 system, we can
assign this to the physical temperature of 30 ○C (which sets the
λ = 1.05 model energy to � = 2.03 kcal/mol) to establish the mapping
T(K) = (T∗/0.296)303 K. For a better appreciation of the crowder
effects on this system, we show the 0 ○C–100 ○C range from this
mapping in Fig. 8. We see that the coil phase is only achieved at
relatively high temperatures and that the crowder-induced shifts in
the transition temperatures are not small. For example, in the case of
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FIG. 8. Configurational phase diagrams for an N = 20, λ = 1.05 SW chain in a fluid
of HS crowders with diameter D and volume fraction η: (a) results as a function
of η with fixed D = σ and (b) as a function of D with fixed η = 0.4. The filled sym-
bols (solid line) locate the folding transition, while the three sets of open symbols
(dashed lines) give estimates for the coil–globule transition obtained from C(T)
(red circles), σ2E (blue squares), and �R2

g� (purple triangles). The horizontal dotted
line locates the folding transition in the no crowder limit, while all other lines are
guides for the eye. The 0→ 100 ○C temperature bar spans the range T∗ = 0.267→ 0.364.

D = σ and η = 0.4, we find �Tcg ≈ 200 ○C and �Tf ≈ 60 ○C, measured
relative to the no crowder results, while for D = 3.4σ and η = 0.4, the
shifts are �Tcg ≈ 15 ○C and �Tf ≈ 5 ○C.
C. Athermal limit

In the athermal or high temperature limit, the SW-chain model
reduces to a HS chain. Examining this limit for the SW results
obtained here using Eqs. (12) and (13) allows us to directly deter-
mine entropy reduction (or a free energy increase, analogous to a
confinement free energy1,3) due to crowding in a HS system and pro-
vides a check on some of our results and assumptions. In Fig. 9, we
show the entropy reduction �S = S(η, D) − S(η = 0) for an N = 20
HS chain in a fluid of HS crowders. For fixed crowder size D = σ
[Fig. 9(a)], we observe a monotonic decrease in chain entropy with
an increase in crowder density η, while for fixed crowder density
η = 0.4 [Fig. 9(b)], we see a monotonic increase in chain entropy
with an increase in D with the crowder effect vanishing in the large
D limit. In these plots, we have computed �SHS from our SW-chain
data with both λ = 1.01 and 1.05. Although in the WL simulations
we only obtain entropy up to an additive constant (which is different

FIG. 9. Entropy reduction due to crowding �SHS/kB for a HS 20-mer chain in a
fluid of HS crowders with diameter D and volume fraction η. Results are for (a)
fixed D = σ vs η and (b) fixed η = 0.40 vs D, as obtained from SW-chain WL
simulations for λ = 1.01 (circles, solid line) and λ = 1.05 (squares, dashed line).
Insets: Average chain size �R2

g� vs (a) η (D = σ) and (b) vs D (η = 0.40). Open
symbols are defined as in the main plot, while filled symbols are from Metropolis
MC for HS chain-in-solvent systems. In all cases, lines are a guide for the eye.

for different λ), since we are computing the change in entropy, rela-
tive to the no crowder case, this constant cancels out, and our �SHS
are, thus, exact within simulation error. Thus, our results computed
from the two different λ values should match exactly. This is almost
the case although we see a small deviation between the two datasets,
just outside the range of our error estimates for the high density,
small D regime. While this deviation suggests that our assumption
of an unperturbed ground-state structure is not precisely true in this
regime, the smallness of the discrepancy indicates that the assump-
tion is not unreasonable. [In fact, with an increase in λ, we do expect
to observe some compression of the ground-state structure at high
crowder density, but we do not observe this for λ = 1.01 or 1.05.
In particular, in the case D = σ, we find for η = 0.0 �R2

g�λ=1.01Egs �σ2
= 1.362(1) and �R2

g�λ=1.05Egs �σ2 = 1.415(1) compared with the corre-
sponding η = 0.4 results of 1.367(15) and 1.415(3), respectively.] The
insets in Fig. 8 show the average size of a HS 20-mer in a HS solvent
computed via �R2

g�HS = ∑E g(E)�R2
g�E�ZHS. These calculations are

independent of any assumptions about the ground-state structure,
and we find the expected agreement between the results constructed
for the λ = 1.01 and 1.05 datasets. [These HS-chain �R2

g� results pro-
vide the high temperature limits for the data shown in Figs. 3 and
7(a).]We have also included data from conventional Metropolis MC
simulations for a HS chain-in-solvent system55 in the insets of Fig. 9.
Agreement with these data provides further validation of our WL
simulation approach.

IV. DISCUSSION
In this work, we have studied the effects of inert crowders

on the folding transition of a flexible polymer chain. In particular,
we have focused on the basic polymer and liquid-state physics of
crowding by directly measuring the entropy reduction experienced
by a chain molecule due to the volume excluded by the crowders.
As shown in Figs. 1 and 5, this entropy reduction is maximum
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for the ensemble of expanded unfolded chain conformations and
minimum for the compact folded states. At a folding transition,
this asymmetric entropy reduction results in an entropic stabi-
lization of the compact states, shifting the transition location to
a higher temperature. The stabilization effect increases with an
increase in crowder concentration and, for a fixed crowder concen-
tration, decreases with an increase in crowder size. These general
trends, originally predicted by Minton4 and shown in our recent
rigorous model calculations on chain folding,45 have been docu-
mented in numerous experimental studies.9–14 Typical crowding
induced temperature shifts for the folding transition of small pro-
teins are from a few degrees up to 20 ○C, and thus, our results
for D ≥ 1.5σ are more comparable to experimental systems than
D = σ.

The variation in configurational entropy S(E) (Figs. 1 and 5)
can be combined with the potential energy distribution function
P(E, T) at the folding transition (Figs. 2, 6, and 7) to compute the
reduction in transition entropy and free energy stabilization due
to crowding. For this, we define a configurational free energy G(E,
T) = −kBT ln[P(E, T)Z(T)] = E − TS(E), which we determine up
to the additive factor −kBT ln g(Eref). For a first-order-like transi-
tion, there is coexistence between the folded and unfolded ensembles
of states, and we characterize the thermodynamics of the transi-
tion in terms of the enthalpy and entropy differences between these
ensembles. We define the enthalpies Hf and Hu as the ensemble
averages of E over the folded and unfolded populations, respec-
tively, as given by the corresponding peaks in P(E, T). We similarly
define ensemble averaged entropies Sf and Su for the folded and
unfolded states. The results for the enthalpy and entropy changes
on unfolding, �H = Hu − Hf and �S = Su − Sf, computed at the
associated equilibrium transition temperature (where �G ≈ 0) are
given in Table II for the N = 20, λ = 1.01 SW chain for a range of
crowding conditions. As expected, with an increase in crowder con-
centration, the entropy change in unfolding becomes smaller, with
the smaller crowder having the larger effect. For example, for the
D = σ and 3.4σ crowders at η = 0.3, the changes in �S, relative to
the no crowder case, are ��S ≈ −18.5kB and −3.3kB, respectively.
In addition to this crowder-induced decrease in �S on unfolding,

there is also an associated decrease in �H. This small enthalpic
effect, which may appear counter to expectations for a completely
inert crowding agent, is due to the shift to a lower energy in the
unfolded population (resulting from the chain compression effects
of the crowder). The decrease in �H increases with η and is more
pronounced for the smaller crowder. For example, relative to the
no crowder case, the changes in �H due to the D = σ and 3.4σ
crowders at η = 0.3 are ��H ≈ −2.7� and −0.5�, respectively. (Sim-
ilar shifts in �H are reported in the recent experimental study of
Shahid et al.13)

The overall free energy stabilization due to crowding can be
computed by evaluating �G = �H − T�S for a particular crow-
der case using the no crowder folding temperature T0

f . Thus, for
η = 0.3, the folded state is stabilized, relative to the unfolded state,
by �G ≈ 1.8� (4.7 kcal/mol) and 0.4� (1.0 kcal/mol) for D = σ and
3.4σ crowders, respectively. The D = 3.4σ results (where crowder
size ≈ folded chain size) for the stabilization free energy and shift in
folding temperature are similar in magnitude to typical experimen-
tal findings.13,22 Also included in Table II is the free energy barrier to
unfolding at equilibrium conditions. The barrier is ∼1.8 kcal/mol or
3kBT0

f and is essentially unchanged by the presence of the crowder.
Compared to equilibrium conditions, with a decrease in temperature
(i.e., moving toward T0

f ), the barrier to unfolding increases, while
the barrier to folding decreases, implying faster folding kinetics at
T0
f due to the presence of the crowder. Such a speed-up in folding

kinetics is another typical experimental finding22 although this ther-
modynamic effect can be reduced by an increased solution viscosity
due to the crowder.

Tsao and Dokholyan reported that inert crowders decrease the
cooperativity of the folding transition for several small model pro-
teins.37 Cooperativity was assessed by comparing van’t Hoff tran-
sition enthalpy �HvH = 2Tf

�
kBC(Tf ), which assumes two-state

thermodynamics, with the calorimetric enthalpy �Hcal = �C(T)dT,
evaluated across the transition region.42,56,57 Our N = 20, λ = 1.01
SW-chain model exhibits high cooperativity, with �HvH/�Hcal
= 0.92(4) [with a simple baseline correction to C(T)], across the
full range of crowding conditions shown in Fig. 2, displaying no

TABLE II. Thermodynamic parameters for the unfolding of an N = 20, λ = 1.01 SW chain in a fluid of HS crowders with
diameter D and volume fraction η at the associated equilibrium unfolding temperature. Shown are the enthalpy and entropy
changes and the free energy barrier to unfolding. The physical temperatures correspond to a model interaction energy of
� = 2.59 kcal/mol.

η T∗f [T (○C)] �H/� �S/kB Gbarrier/�

No crowder 0.0 0.2321(4) [30.0] 22.8(1) 97.5(5) 0.70(2)
D = σ 0.1 0.2363(6) [35.5] 22.1(1) 92.9(6) 0.71(3)

0.2 0.2421(4) [43.0] 21.0(1) 86.3(4) 0.70(2)
0.3 0.2522(5) [56.2] 20.1(1) 79.0(3) 0.71(2)
0.4 0.2692(16) [78.4] 18.8(2) 69.6(6) 0.69(5)

D = 3.4σ 0.1 0.2326(8) [30.6] 22.6(2) 96.6(1.0) 0.69(4)
0.2 0.2335(7) [31.8] 22.5(2) 95.8(8) 0.70(3)
0.3 0.2347(6) [33.4] 22.3(1) 94.2(7) 0.70(3)
0.4 0.2360(5) [35.1] 21.7(1) 91.3(5) 0.67(2)
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systematic decrease due to crowding. The model proteins stud-
ied by Tsao and Dokholyan had rather weak native cooperativ-
ity, which may make them more sensitive to the local crowding
conditions.

The above thermodynamic analysis has focused on the N = 20,
λ = 1.01 chain model, which undergoes a first-order-like fold-
ing transition directly from the coil state analogous to the all-or-
none folding exhibited by many small proteins.57 Our study of the
N = 20, λ = 1.05 model, which undergoes a coil–globule transition
followed by a weak first-order-like folding transition, shows sim-
ilar crowder-induced stabilization effects. The stabilization of the
globule phase due to crowding is the opposite of what is found for
confinement in a hard-wall spherical cavity. Marnez et al. found
a shift to lower temperatures for the coil–globule (collapse) tran-
sition for a flexible polymer in spherical confinement,58 indicat-
ing an entropic destabilization effect. An experimental study of
crowding effects on the helix–coil transition (which is thermo-
dynamically analogous to a coil–globule transition57) of poly(L-
glutamic acid) did find entropic stabilization in agreement with
our results.59 This study also noted a reduction in helical content
at the transition with an increase in crowder concentration. This
result is consistent with the shift seen in the coil–globule P(E, T)
curves in Fig. 7(b) to higher energies (less ordered states) with an
increase in η.

From a structural point of view, one of the primary effects
of inert macromolecular crowders is to compress the coil state of
a flexible chain molecule.55,60,61 This compression effect has been
examined in a number of crowding studies on protein folding9,10,21
and may be of importance to the in vivo structure of intrinsically
disordered proteins.62,63 A recent general study of this compression
effect by Palit et al.64 reported precise measurement of polymer size
for polyethylene glycol (PEG) in solution with the crowder Ficoll.
When the Ficoll size is comparable to the size of the unperturbed
PEG coil, there is essentially no compression effect up to Ficoll vol-
ume fraction η = 0.3, while for a crowder one-third the size of the
unperturbed polymer coil, there is a 15% reduction in the polymer
radius for η = 0.1. These findings can be compared to our results in
the insets of Fig. 9 where the size of the unperturbed HS chain is
R = (�R2

g�)1�2 = 2.7σ, which corresponds to a sphere of diameter
D0 = 10R/3 = 9.0σ. At η = 0.4, a crowder with diameter D0 produces
a compression of about 4%, while a crowder with D0/3 gives a 10%
reduction in polymer size. Thus, the compression effect in ourmodel
is significantly smaller than in the PEG–Ficoll system. Although this
may simply be due to our modestN = 20 chain length, similar results
are reported for an N = 100 chain in the simulation study of Kang
et al.65 Finally, in this work, we have only considered how the con-
centration and size of a spherical crowder affect the folding of a
flexible polymer chain. There has also been some investigation into
the role of the crowder shape,4,13,18,31 and a quantitative analysis of
the relation between crowder shape and entropy reduction would be
of interest.
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